1. Introduction* Recently, the theory of abelian groups has become an active field. This note is devoted to it. One of the important theorems, called " the theorem on the subgroups of a free abelian group U n of finite rank n [2, p. 145] will be studied here. From now on the term " group" will be used instead of "abelian group", for simplicity. Since the notations, the definitions, and the terminologies vary for different authors, we refer to Kurosh [2] and Kaplansky [1] as standards. For example, for the definitions of the height of an element x in a primary group G (denoted by h G (x)), of the lowest layer of a primary group we refer to [2] , and the definitions, of Z(n) 9 of Z(p°°) we refer to [1] . Moreover, the subgroups spanned by the subset {u Λ } of a given group G is denoted by ({%*}), and in a primary group we write o(x) z=z n if the order of the element x is equal to p n . For convenience, the following terminology is adopted. I. A group G has property (A), if for any non-zero element x of G there exists a cyclic direct summand of G containing x.
II. A group G has property (B), if G is a direct sum of cyclic groups, and for any subgroup H of G there exists a basis {h Λ } of H and a basis {g β } of G such that for any h a e {h a } we can find a g a e {g β } with the property h oύ e{g a ).
III. A group G has property (C), if for any independent subset {h Λ } of G there exists another independent subset {g Λ } of G such that h Λ e (g Λ ) and ({g*}) is a direct summand of G.
The purpose of this paper is to give an analysis of these classes of groups. In particular, we show that a free group U n of finite rank n ^ 2 has properties (A) and (B) but not (C).
GENERAL LEMMA. A torsion group G has property (A), (B) or (C) respectively, if and only if each of its primary components has property (A), (B) or (C) respectively.
Proof
We decompose G into its primary components,
We prove that G has property (C) if and only if each G p has property (C } c:G p of an independent subset {x a } c G, we can find an independent subset {g^} such that a£?° e (9* p) ) for all α's and the subgroup ΣΛΦ(^P ) ) is a direct summand of G pf then there exists an independent subset {g a } c G such that %* e (g a ) for all α's and the subgroup Σ* Φ (^) is a direct summand of G. Since every x a has only a finite number of p-components different from zero, we can set g^ = 0 when x^ -0. To find the desired subset {#*} c G, we need only set
The independence of {# α } follows from the independence of {g^} for all p, and a? Λ e (^Λ) follows from The other two parts of the lemma are proved in an analagous manner.
2* Groups with property (A). To discuss groups with property (A), we need several lemmas. 
LEMMA I. If G is a primary cyclic group of the type Z(p n ), and x is a non-zero element of
But since the lowest layer of (v) is (p^" 1^; ) = (p h z~ιu 2 ), we have Λ -1 = &2 -1, and o(v) = k -h 2 . Therefore, it follows from Lemma I that
On the other hand, we have
This is a contradiction since V -(v), being a direct summand, is a pure subgroup of G, so that for x e V, h v (x) = k G (x).

LEMMA III. A primary group G has property (A) if and only if it is of the type
Proof First, G must be a reduced group. If this is not the case, we can find a non-zero x of G which is of infinite height in G. It is clear that x cannot be contained in a cyclic direct summand (g) of G. Second, G must be of bounded order, therefore G is a direct sum of cyclic groups. Otherwise, by [1, Theorem 9] 
It is obvious that
, that is h -l u then the generator 5 of the lowest layer of (x) is of height h -1 in G. Since
we have
Hence, the cyclic subgroup is pure, and by [1, Theorem 7 ] is a direct summand, which contains the element x. The cyclic subgroup is pure by [1, Lemma 7] .
If o(x) is equal to a certain h + 1 -lj(s + 1 <Ξ; j ^ £), that is & + 1 -ί s+1 , but not equal to any h -Z«(l <^ i <^ s), then the generator 5 of the lowest layer of (x) is of height k in £?. We have
Consequently, by the same argument as we used above,
is the desired direct summand containing x. This proves our lemma.
THEOREM A : . A group G with property (A) cannot be mixed, i.e., it is either torsion or torsion-free. Moreover, a torsion group G has property (A) if and only if G is of the type
Proof. If G is a torsion group, the theorem follows from the General lemma, and Lemma III. Now, we are going to prove that G cannot be mixed. If G has property (A), then the torsion subgroup T(G) of G must be of the type
If this is not the case, T(G) does not have property (A), and there exists a non-zero element x e T(G) which is not contained in any cyclic direct summand (g) of T(G) f and therefore, it cannot be contained in a cyclic direct summand of G. We shall prove that if T(G) Φ 0, then G -T(G).
Suppose the contrary. There exists a non-zero x e G, such that we can find an infinite cyclic direct summand {u^) of G containing x. Select a non-zero primary component T Pι (G) (G) .
It follows that u λ -fp[u ιy which contradicts s > 1. Therefore the proof is complete.
THEOREM A 2 . A free group G has property (A).
Proof. Since G = Σv φ (w v ), each a; ^ 0 in G can be written a? = a{ϋv Λ + α^v, + + a n Uv . Hence and it follows from the theorem on the subgroups of a free group of rank n [2, p. 145], that there exist a basis v 19 v 29 --,v n of Σ"φ(^v 4 ) such that a? e (v x ). But (v α ) is a direct summand of G, so that G has property (A).
REMARK.
1
A torsion-free group with property (A) need not be a free group. The counter-example is the unrestricted direct sum of infinitely many infinite cyclic groups. This group has property (A) and is not free [2, p. 216], EXAMPLE. Let G be the unrestricted direct sum of infinitely many infinite cyclic groups. Then G has property (A). 3. Groups with property (B), We prove first that for primary groups, properties (A) and (B) N) e N.
Proof
Since G = .M® JV, it follows that
which is the minimal height of the element of order p in G lf hence Therefore, {^Λ} is a pure independent subset of G. By [1, Lemma 11 ] the set {g Λ } can be enlarged to a basis {g β } of G 7 which is the desired one.
LEMMA V. A torsion free group G has property (B) if and only if it is a free group of finite rank.
Proof If G is a free group of finite rank, by the theorem on the subgroups of a free group of finite rank, it has property (B).
It is well known that a group of order σ is isomorphic to a factor group of a free group of rank σ, and for any infinite cardinal p there exists a group of order p which is not a direct sum of cyclic groups. Since the group G with property (B) is a free group, we shall show that it must be of finite rank. Suppose to the contrary that G is of infinite rank. Then, select a subgroup V of G such that GjV is not a direct sum of cyclic groups. It is clear that G cannot have property (B) with respect to V.
THEOREM B. A group G has property (B) if and only if either (a) G is a free group of finite rank, or (b) G is of the type
